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SHELL FINITE ELEMENT METHOD VIA REISSNER'S
PRINCIPLE

CARLOS A. PRATO*

Massachusetts Institute of Technology, Cambridge, Massachusetts

Abstract-A specialized form of Reissner's variational principle for stresses and displacements suitable to
formulate a finite element version of the governing equations for thin shells is presented. The Euler equations of
the modified Reissner's functional are.three force equilibrium equations and three moment curvature relations
expressed in terms of the linear displacement vector and stress couple vectors. The boundary conditions are
derived as natural conditions of this functional. The shell domain is divided into a set of triangular or quadrilateral
elements for the purpose of defining a set of piecewise linear functions as comparison functions for the dependent
variables of this formulation, The use of these functions, expressed in terms of their values at the nodes, in the
variational principle results in a set of algebraic simultaneous equations for the nodal variables. A characteristic
of the method is its algebraic simplicity and accuracy when compared with other approximate methods of solution.
Some numerical examples practically illustrate these characteristics of the method. When this method is specialized
for plate bending analysis a significant improvement with respect to a similar previously known finite element
procedure is observed.
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Cartesian components of the oriented side "i" of the projection in the XjX Z plane (Fig. 2)
area of the projection of an element into the X[X Z plane
equation (33) and Fig. 2
coefficient that relates the transverse shear force with transverse shear strains (equation (19))
coupling coefficients in the linear coefficient matrix L'j (equation (48))
portion of the boundary with displacement boundary conditions
Youngs modulus
flexibility coefficients in equation (48)
shell thickness
Reissner's functional
nodal points in a triangular element taken in a counterclockwise sense (Fig. 2)
linear coefficient matrix (equation (47))
stress couples
stress couple components (equation (16))
stress couple at the boundary (equation (81))
stress resultant
stress resultant components (equation (13))
stress resultant at the boundary (equation (79))
load intensity vector with components (PI' Pz, Pn)
vector of right hand sides in equation (46)
position vector (Fig. 1)
radii of curvature of shell middle surface
portion of the boundary with stress boundary conditions
stiffness coefficients in equation (48)
linear displacement vector with components u, v, and w (equation (29))
displacement vector at the boundary with components v" Vn and w (equation (78))
potential energy density of the applied surface loads
vector of unknowns in equations (46)
strain energy density in terms of stresses
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strain energy density of in-plane stress resultants in terms of u
strain energy density of b

l
~l~dling stresses in terms of M i

Lame parameters: (1j = c;--
(lX j

transverse shear strains
angle of obliqueness of shell coordinate system
linear strain vector with components <ij and Yi (equation 15)
rotation vector with components p" P2' and w (equation 18)
rotation vector at the boundary
angular strain vector with components "'ij and Xi (equation (14))
poisson ratio
denotes differentiation with respect to Xi

triangular coordinates (equation (32))
shell coordinate system
unit vectors along the coordinate lines XI' X2 and along the normal to the shell respectively
unit vectors at the oriented boundary
curvilinear coordinate at the boundary

1. INTRODUCTION

THE governing equations of the theory of thin shells can be conveniently derived by
means of variational considerations, particularly when an approximate solution of a shell
problem is desired. Reissner's Principle, [1-3,5] specialized for thin shell theory from its
three dimensional elasticity formulation, provides in many practical applications a suffi
ciently general variational statement of the shell equations.

The present work is concerned with a variational formulation of the shell equations
and its solution by means of finite element technique whereby any variable can be expressed
in terms of at most the first derivatives of those variables which are solved for explicitly.
The desired variational statement is obtained by suitable specialization of Reissner's
Principle. The desirability of such a method for shell analysis is twofold-on one hand it
avoids the consideration of derivatives higher than the first. In that way, terms which tend
to introduce large numerical errors need not be considered; on the other hand, it allows
the use of piecewise linear functions as comparison functions and thus results in discrete
equations which are algebraicly simple.

The present work deals only with the equations of the linear theory of thin shells, but
a similar treatment of the nonlinear theory of shallow shells and linearized stability analysis
has also been developed [11].

2. GOVERNING EQUATIONS

Reissner's Principle states that

(1)
where
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and the equations of definition:

1 ( 00 or )
E· = -+-xel»

J rJ.j sin A oX j OZj
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(3)

(5)

(6)

(4)
1 oel»

K·= -.
J rJ.jsinAoxj

The upper bars in equation (2) denote prescribed values of the corresponding variables.
The Euler equations of equation (1) are:
(a) The equilibrium equations:

~(rJ.2Nl)+;-(rJ.lN2)+O:lO:2Psin A = 0
OXl UX2

a a or or
~(O:2Ml)+~(O:lM2)+~X(O:2Nd+~x(rJ.lN2) = O.
uXl uX2 uX l uX2

(b) The stress strain relations:
2 oW oW

Ei = L -tj+-n
j= 1 oNij OQi

2 oW
K i = .L oM.tj+x;n *.

J = 1 IJ

(c) The boundary conditions:

and
Mn = 1\1n on S

and
el»n = cl)n on D.

(7)

(8)

(9)

(10)

(11)

(12)

All stress variables and displacements appearing in equation (2) can be varied freely
whereas strain variables must be varied in such a way that equations (3) and (4) also hold
for the variations of the variables involved.

Consider now a component representation (Fig. 1) such that the dot products N;. E; and
M i • K i keep the same form as in orthogonal curvilinear coordinates when expressed in
terms of the vector components:

(13)

(14)

(15)

(16)

Imagine now that equations (6), (7), (10), and (11) are identically satisfied by expressing
Nij in terms ofo through equations (3) and (7), Qi in terms of M i through equation (6), and
the boundary conditions equations (10) and (11) are directly enforced. It is then possible to

* Note that the component of K, along the normal to the shell, Xi' does not have an associated stress-couple
component M,. n, so it must be obtained in terms of «II from equation (4).
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FIG. I. Shell coordinates and component representation.

obtain the contracted form of Reissner's functional after a number of integrations by parts

(17)

(18)

(19)

where

WM = strain energy density associated with the in-plane stress resultants as function ofu

WB = complementary strain energy density associated with the bending and transverse
shear stresses as function of Mi'

4> = -P2t t+Ptt2+wn

Yi = C,Qi as function of M i

Pi' ware functions of u and M i from equation (3).

The Euler equations of the functional in equation (17) are equations (5), (8), (9), and (12)
expressed in terms ofu and Mi' Since equations (6), (7), (10) and (11) are identically satisfied,
the Euler equations of equation (17) represent a reduction of the complete system of the
shell equations.

3. FINITE ELEMENT SOLUTION

To illustrate the solution of the shell equations by means of a finite element procedure
using the functional in equation (17), the linear equations for shallow shells [4J in ortho
gonal curvilinear coordinates are presented in discrete form. Obviously, an entirely similar
procedure can be developed for nonshallow shells [I1J which results in somewhat more
involved algebraic expressions and the reader is referred to ref. 11 for the treatment of this
case.
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For shallow shells equations (3) and (4) in scalar form can be written*
W

£11 = U'l +--
R 11

(20)

W
£22 = V'2+-

R22

W
£12 = £21 = !{U'2+ V'1)+--

RI2

K11 = {31,1 = Y1,1- W,11

K22 = {32,2 = Y2,2 - W,22

K I 2 = {32,1 = 1'2,1- W,21

K 21 = P1,2 = 1'1,2 - W,\2

1'1 = PI + w,t

1'2 = {32+ W,2

U = uti +vt2 +wn

(21)

(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)
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FIG. 2. Triangular coordinates in a shell element.

(30)

If it is assumed that N 12 = N 21 and M 12 = M21 (the moment equilibrium equation
about the normal will be violated by a negligible amount for thin shells [11]) WM and WB

for an isotropic elastic thin shell can be taken as

Eh 2 2
WM = 2(I-V2 )[£11 +£22 +2V£1l£22 +2(I-v)£12£21J

* In order to conform with the usual notation for angular strains and stress couple components it is now taken:
K i = -Ki2t, + K il t2 instead of that given by equation (14). Similarly M i = - M i2t, +M il t 2 instead of that of
equation (16).



1124 CARLOS A. PRATO

1,11 _ . 6 [M2 ,.,,2 ') 2 (~ 2 2
rrB - Eh 3 It+JVI22--_VMtlM22+ (I+v)M 12 M 21 ]+ -)"[Ql+Q2]. (31)

Consider now a triangular shell element (Fig. 2) where a point P can be located by its
triangular coordinates:

where

A
r. = ---'
~I A

A; = ilJK x JPI.

(32)

(33)

The following comparison functions are now defined for a point P in the element:

And the load intensity components

Pt = PI,(;

P2 = P2,';

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

The use of equations (34) to (39) in equations (20) to (22) and equations (30) and (31) and
the introduction of:

Qt = M 1 t.l +M 21.2

Q2 = M22.2+M12.t

(43)

(44)

together with equations (27) and (28) into equation (17), after taking the variations results
in a system of algebraic linear equations for the nodal values of u and Mi' Since one is
interested in applying this variational principle to an assemblage of elements it is necessary
to indicate what is the role played by the line integrals in equation (17). Consider now that
all interelement boundaries are subject to continuity conditions of displacements and
rotations. Thus, since Mij's are continuous across these boundaries, the line integrals along
interior boundaries cancel out and only the integral along the actual boundary of the
assemblage need be considered. This would not be the case if some components of Mn are
discontinuous [7]. The boundary integral in equation (17) provides the natural boundary
conditions for <Pn and Nn, variables which do not appear explicitly in this formulation. The
boundary conditions for Un and Mn are enforced by deleting the corresponding Euler
equations at the boundary and replacing them with equations (11) and (10).

The system of equations for the complete structure is:

elf of of
--=0' ~-=O':i-~=O;
cW j • eM tl , • CM 22 ,

(45)
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which may be written in matrix form as follows:

LV P

where

1125

(46)

... Ltn]
(6n x 6n), n = number of nodes

L nn

(47)

and
Sli Sli Sli 0 0 0t1 12 13

sjj Sij Sii 0 0 021 22 23

Sij Sli sli eli eli e ij
31 32 33 11 22 21

(6 x 6)L ij =
0 0 e ij Fli Fij Fij

11 11 12 13

0 0 eli Fli Fij Fii22 21 22 23

0 0 Cj Fii Fij Fii21 31 32 33

(48)

where

SYz = 4(1 E: 2)A[ajaj +1; vbibj ]

.. Eh [ (1 v) 1-v]S~3 = 2 aj -+- -b·--
6(1 v) R22 R 11 ) R

12

SYI = S{i3

SY2 = SY3

(49)

(50)

(51)

(52)

(53)

(54)

(55)

(56)

.. { for i = j:
S'f3 =

for i i= j:

(57)

(58)

eli = bibj
11 4A

(59)

(60)
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C~l
ilibi_+ iljhi (61 )

4A

fori=j: = - (~:3 + ~s~f) (62)

FO -II -

fori#j: _ (A C hihj) (63)- - Eh 3 + s 4A

for i = j:
2Av
Eft) (64)

Fi/2 =

Av
for i # j:

Eh3
(65)

.. C ilihj
(66)F'J - ---

13 - s 4A

F~I = Fi/2 (67)

for i = j: _ (~ Cs~) (68)
Eh 3 + 4A

F~2 =
( A a.a)for i # j: - Eh 3 +Cs ~AJ (69)

.. ajhi (70)F'J - C23 -S4A

F~I = F~i3 (71)

F~2 = F~i3 (72)

for i = j: = _ [4A(1 + v) + C (af + hilJ (73)
Eh 3 s 4A

FO -33 -

for i # j:
_ [2A(1 + v) C (aiaj+bib)] (74)

Eh 3 + s 4A
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(a j' bj) are the Cartesian components of the oriented side "i" of the projection of the element
into the X I X2 plane (Fig. 2)

Ui

Vi

Wi
Vi =

Mil,

M 22 ,

M 21 ,

PI,

P2 ,

P i =
P 3 ,

0

0

(75)

(76)

o

A( ~ PI)PI, = -6 PI, + . L....-2)
J=I;J*'

(77)

and similar expressions for P2, and Pk

Consider now the triangular scheme of subdivision shown in continuous lines in Fig. 3.
Clearly this pattern is biased in the sense that diagonals run in only one direction. It is
found that without any significant increase in computational effort a quadrilateral element
can be generated by averaging the coefficient matrix L as obtained for the patterns shown
with continuous and dashed lines. It can be shown (example no. 1) that in this way a
remarkable improvement in the accuracy and smoothness of the results is achieved without
appreciably increasing the computational effort.

4. BOUNDARY CONDITIONS

The system of differential equations for shallow shells as derived from equation (17)
and equations (20) to (28) is of tenth order, i.e. the solution of the shell boundary value
problem requires that five boundary conditions are specified.

FIG. 3. Triangular patterns; quadrilateral element.
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Let the boundary values be expressed in their component form by (Fig. 4)

z

c ;0"~ ~ ----..X
2

5 , X
I

X,

FIG. 4. Variables at the shell boundary.

(78)

(79)

(80)

(81)

At all points on the boundary three of the components in equations (78) and (79) must
be prescribed. Clearly these three components chosen must be along the directions of t 5 ,

t s and n. Similarly two components in equations (80) and (81) must be prescribed. In order
to specify the appropriate boundary conditions the components of Nn and Mn are trans
formed from the local reference system at the boundary (t5 , tn' n) to the global curvilinear
system (t 1 , t 2 , n) according to vector and second order tensor transformations respectively.

Obviously, for the case of zero transverse shear strains, the component Mn5 cannot be
varied freely in equation (17) and a contraction of the boundary conditions as presented in
Ref. [3J must be performed. In this way one arrives at a system of boundary conditions for
an effective stress resultant Nne and M nn or the corresponding displacement quantities Un

and 13n. The expressions for these effective stress resultants are given in Ref. [3].

5. NUMERICAL EXAMPLES

A computer program has been implemented using the present formulation. Some
selected examples are now presented.

Example 1, Rectangular plate (Fig. 5)

The plate has no transverse shear deformability. Nevertheless, it is observed that when
this finite element procedure is used it is possible to impose five boundary conditions to the
discrete form of the governing equations. In the case at hand, the variable M21 has a very
steep variation in the vicinity of the free edge; at the edge itself M 21 vanishes and increases
very steeply as a function of X 2 inwards. Clearly this situation is not reflected by the series
solution which satisfies the contracted form of the boundary conditions. Figure 6 presents
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FIG. 5. Rectangular plate under normal pressure.

Results with general
boundary conditions

Results with contracted
boundary conditions

0'8

- Series solution

o Ref. [8] ; coarse mesh

t; Ref. [8J ; fine mesh

o Present work; coarse mesh, general b.c.

o Present work, coarse mesh, contracted b.c.
-6

FIG. 6. Comparison of results for Mil along line XI = OA.

a comparison of the results given by the series solution, those of Ref. [8]. and the present
ones for Mil' In order to illustrate the importance of specifying the contracted form of
the boundary conditions, the values of M 11 obtained by specifying five boundary conditions
and those obtained with their contracted form are presented in Fig. 6. A more complete
comparison of results is presented in Figs. 7-9.

Example 2, Clamped spherical shell (Fig. 10)
The present results are compared with an analytical solution [6] and with another finite

element solution [9] in Figs. 10 and 11.

Example 3, Pressurized cylindrical shell with a circular hole (Fig. 12)

The edge of the hole is considered free from bending and in-plane stresses and subject
to a uniform transverse shear that equilibrates the internal pressure. A comparison of
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FIG. 7. Comparison of results for MIl along line X2 = 0·4.

6

o
o

i 2

o Ref. [8]; coarse mesh

6 Ref. [8]; fine mesh

o Present work; coo rse m.
general bound condo
Series solution

O'------'-----'----'---~-

0-4 08
x,

FIG. 8. Comparison of results for M 21 along line X2 = OA.
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FIG. 9. Comparison of results for w along line Xl = 0·4.
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FIG. 10. Spherical shell under uniform normal pressure. Comparison of results for M 11 along meridian X 2 = o.
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FIG. II. Comparison of results for N22 along meridian X 2 = O.
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FIG. 12. Pressurized cylindrical shell with circular hole.

stresses at the outside and inside surfaces with another approximate solution [10J is pre
sented in Figs. 13 and 14.

6. CONCLUSIONS

A specialized form of Reissner's Principle suitable for use in conjunction with the finite
element procedure for thin elastic shell has been developed. The stress couples and linear
displacements are the dependent variables of the formulation.

The numerical results indicate that the accuracy of this finite element procedure com
pares favorably with previous finite element methods. This mixed method has an advantage

~
c
o
~

~2

~l~l> l>

0l-:-_---.J.....g."---'-__...L__-c:-__.L

3

surface

-2

6. Ref. [IOJ
-0- Present wark

-4

FIG. 13. Comparison of results for (122 along Xl axis.
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over the displacement method in that the resulting discrete equations are considerably
simpler. It is also observed that the consideration of transverse shear strains does not
appreciably increase the computational effort.

The finite element procedure presented here implies bending stresses which are con
tinuous across the shell whereas the in-plane stress resultants are not. An obvious refine
ment to the present procedure would be to use polynominal expansions for the displace
ment components u and [' of a degree higher than the first.

FIG. 14. Comparison of results for all along X2 axis.
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A6cTPBKT-npetJ,JIaraeTCli Cne~HaJllnHpOBaHHali «PoPMa BapHa~HoHHoro npHH~Hna PeiiccHepa tJ,JIli

HanplIlKeHHii H nepeMemeHHii:, npHrotJ,Hall tJ,JIli <POPMYJIHPOBKH BapHaHTa KOHe'l.HOrO JJIeMeHTa onpetJ,err

1I1OWHX ypaBHeHHii: B TeopHH TOHKHX o60JlO'l.eK. YpaBHeHH1I3HJIepa tJ,JlII MOtJ,H<pH~HpoBHHoro <PYHK~HOHaJIa

PeitCCHepa, IIBJIlilOTCII TpeMa ypaBHeHHIIMH paBHOBeCHII CHJI H TpeMa MOMeHTHblMH 3aBHCHMOCTIIMH

KPHBH3HbI, BhlpalKeHHbIMH B BHL\e ypaBHeHHit paBHOBeCHII JIHHeifHOro BeKTOpa CMeweHHlI H conplIlKeHHblX

BeKTOpOB HanplilKeHHii:. nOJlY'l.aIOTclI rpaHH'l.Hble yCJIOBHlI B<popMe O'leBHtJ,HbIX yCJIOBH if JToro <PYHK~HOHaJJa.

06JIaCTb 060JIO'lKH pa3JIaraeTCli Ha cOBoKynHocTb TpexyroJlbHblX HJlH '1eTblpexyrOJlbHblX JJleMeHTOB,

c ~eJlblO oupetJ,eJleHHII CHCTeMbI KyCO'lHbIX mlHeHHblX <!JYHK~HH, KaK cpaBHHTeJIbHblX <!JyHKllHii:, ll)I1I

3aBHCHMhlX nepeMeHHblX JTOH <!JOPMYJlHPOBKH. I1cnOJlb30BaHHe JTHX <!JYHKU"H, BbtpalKeHHblX '1J1eHaMH

HX 3Ha'feHHH B y3JIaX, B BapHaUHOHHOM npHH~lme npHBOtJ,HT K CHCTeMe aJIre6paH'feCKHX, COBMeCTHblX

ypaBHeHHii, tJ,JlII Y3J10BbIX nepeMeHHblX. OC06eHHOCTblO noro MeTOAa, no cpaBHeHHIO C tJ,pyrHMH npH6JIH

lKeHHblMH MeTOtJ,aMH peUleHHII, OKa3blBaeTCII ero aJlre6paH'feCKall npOCTOTa H TO'fHOCTb. HeKTopble

'fHCJIeHHble npHMepbl HJIJIIOCTpHpylOT npaKTH'fecKH oco6eHHocTH MeTOtJ,a. KortJ,a JTOT MeTOtJ, npHMeHlleTCli

Cne~HaJlbHO 1J.Jl1l aHaJIH3a H3rH6aeMoH nJIaCTHHKH, Ha6JIIOlIaeTCII 3Ha'lHTeJIbHOe yTO'fHeHHe, KacalOweeCli

npelIblAyweii: n3BeCTHOH MeTOlIHKH KOHe'fHOrO JJIeMeHTa.


